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Hamilton—Jacobi Treatment of Constrained Systems
with Second-Order Lagrangians

Eqab M. Rabei,! Eyad H. Hasan,”> and Humam B. Ghassib?

A new approach is examined in this paper for solving mechanical problems for both con-
strained and unconstrained systems with second-order Lagrangians, using the Hamilton—
Jacobi formulation. The relevant Hamilton—Jacobi function is constructed first. This is
then used to determine the solutions of the equations of motion for both systems.

KEY WORDS: constrained systems; Hamilton-Jacoby function; second-order
Lagrangians.

1. INTRODUCTION

The study of singular systems has reached a great status in physics starting
from the early development by Dirac (1950; 1964) of the generalized Hamiltonian
formulation. Since then this formalism has found a wide range of application
in field theory (Hanson, 1976; Sundermeyer, 1982; Gitman and Tyutin, 1990).
In particular, the treatment of constrained systems with higher-order Lagrangians
has been applied in many physical problems. Podolsky electrodynamics (Podolsky
and Schwed, 1948), string theory (Polyakov, 1986), relativistic particles in general
(Pisarski, 1986), and relativistic particles with curvature and torsion (Nesterenko,
1994) are only some examples.

Theories associated with higher-order regular Lagrangians were first devel-
oped by Ostrogradski (1850). These led to Euler’s and Hamilton’s equations of
motion. Pons generalized Ostrogradski’s theorem for singular Lagrangians to
higher-order Lagrangians by extending Dirac’s method (Pons, 1989). He also
demonstrated the equivalence of Euler—Lagrange and Hamilton—Dirac equations
for constrained systems derived from singular higher-order Lagrangians in the
derivatives.
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The existence of constrained structure in higher-order systems was noticed by
other authors (Battle ef al., 1988). Discerning this in second-order systems, these
authors clarified the relation between the Hamiltonian and the Lagrangian con-
straints. They deduced the generalized Hamilton—Dirac equations in phase space.
An important result of their work is that the primary Hamiltonian constraints, i.e.,
those which follow directly from the definition of the Legender transformations,
come in two types: first-class constraints which have zero Poisson brackets with
all other constraints; and second-class constraints which do not have this property.
In addition, the operators relating Hamiltonian and the Lagrangian constraints
were derived. These authors also extended their work to higher-order singular
Lagrangians.

The Hamiltonian formalism for systems with singular Lagrangians of the
second—order was constructed by Nesterenko (1989). He proposed a new method
for obtaining the equations of motion in phase space for theories with singular
Lagrangians by differentiation of the canonical Hamiltonian. The relation between
the Hamiltonian and the Lagrangian was obtained. He assigned two kinds of con-
straints: primary and secondary. An important result of his work is the derivation
of the secondary constraints in the framework of the Lagrangian formalism by
differentiation of the Lagrangian constraints with respect to time.

The Hamilton—Jacobi formalism with the canonical approach for second-
order singular Lagrangians was developed by invoking Caratheodory’s
(Caratheodory, 1967) equivalence Lagrangian method (Pimentel and Teixeira,
1996). The structure of the constraints and the existence of the primary constraints
in second-order systems were discussed. In this approach, the equations of mo-
tion for the canonical variables of singular second-order systems were obtained
as total differential equations in many variables, and the set of Hamilton—Jacobi
partial differential equations (HJPDEs) for second-order singular systems was
written for these systems. The generalization of the Hamilton—Jacobi formalism
to higher-order singular Lagrangians was then examined (Pimentel and Teixeira,
1998).

Recently, another approach for solving mechanical problems of constrained
systems using the Hamilton—Jacobi formulation for first-order singular
Lagrangians was examined (Rabei et al., 2002, 2003). The Hamilton—Jacobi
function was obtained in the same manner as for regular systems. This was
then used to determine the solutions of the equations of motion for constrained
systems.

In this paper, the Hamilton—Jacobi formulation of constrained dynamical sys-
tems with second-order Lagrangians is studied. A general form for the solution of
HIJPDE:S of these systems is proposed. The Hamilton—Jacobi function in configu-
ration space is obtained by solving these equations. This leads to an extension of
the previous approach (Rabei ez al., 2002, 2004) for solving mechanical problems
with second-order constrained and unconstrained Lagrangian systems.
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The paper is organized as follows. In Section 2, the Hamilton—Jacobi for-
mulation is reviewed briefly for both constrained and unconstrained systems. In
Section 3, a generalized method is proposed for determining the Hamilton—Jacobi
function for both systems; the equations of motion are then derived from this func-
tion. In Section 4, several illustrative examples are discussed. The work closes
with some concluding remarks in Section 5.

2. HAMILTON-JACOBI FORMULATION FOR
SECOND-ORDER LAGRANGIANS

The Lagrangian formulation of second-order theories requires the configura-
tion space formed by N generalized coordinates ¢;, ¢; and §;:

L(qi,qi»4i), i=1,...,N 2.1)

The corresponding Euler—Langrangian equations of motion are obtained from

5= / g 4i. ) di 22)

using the Hamilton principle:

oL d [ OL d*> (oL
o)+ a5 ) =0 23)
8qt dt 8q, dr? 86[,

This is a system in N differential equations of fourth-order; so we need 4N initial
conditions to solve it.

The Hamiltonian formulation for second-order derivatives, first developed by
Ostrogradski (1850), treats the derivatives g; and ¢; as coordinates. The transforma-
tion from the Lagrangian to the Hamiltonian approach is achieved by introducing
the generalized momenta p;, m; conjugate to the generalized coordinates ¢;, ¢;,

respectively:
oL d (9L
Pi= 7\ 55 2.4
9qg;  dr\9gi;
oL
= (2.5)
g

then writing the accelerations ¢; as functions of the coordinates ¢ and velocities
g, as well as of the momenta p; and 7; [§; = f(qi, g4i, pi, w;)]. The phase space
will then be spanned by the canonical variables (¢;, p;) and (¢;, ;).

Introducing the canonical Hamiltonian

He = pigi + g ‘éf:ff - L‘(’il:fi



1076 Rabei et al.

one can write the equations of motion of any function g of the canonical variables
as

§=1{s. Hc} (2.6)

However, this procedure is admissible only if the determinant of the Hessian matrix,

92L L
H;; = — ), i,j=1,...,N
0404

does not vanish; otherwise it will not be possible to express all the accelerations
¢, as functions of the canonical variables, and there will be relations such as

Du(qi, pisgi>-m) =0, a=1,...,m<2(N—1)

connecting the momenta variables. As a consequence, we will not be able to treat
the canonical variables as an independent set; instead, we have to use a formalism
specially developed to deal with the interdependent canonical variables, i.e., a
formalism for constrained systems (Dirac, 1950, 1964).

Prior to this we will give a brief review of Caratheodory’s (Caratheodory,
1967) equivalent Lagrangian method (Pimentel and Teixeira, 1996). Let us con-
sider a Lagrangian L(g;, ¢;, §i,t). One can obtain a completely equivalent La-
grangian by introducing

dsS(qi, qi, 1)

L/:L(Qi,Qi,qi,t)_T (27)

such that the auxiliary function S(g;, ¢;, t) must satisfy

A
— = —H, 2.8
o7 ) (2.8)

where H is defined as the usual Hamiltonian:

Hy = pig; +mig; — L (2.9
aS

P = (2.10)
9g;
08

T = a2 @.11)
04,

These are the fundamental equations of the equivalence Lagrangian method;
Eq. (2.8) is the relevant Hamilton—Jacobi partial differential equation.
If the rank of the Hessian matrix
9%L
9494

2.12)
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is N — R, R < N, then the generalized momenta conjugate to the generalized
coordinates ¢; are defined as
oL

Tg=—, a=R+1,....,N (2.13)
3G q
oL

Ty = —), a=1,...,R (2.14)
0«

Since the rank of the Hessian matrix is N — R, one can solve Eq. (2.13) to
obtain N — R accelerations ¢, in terms of ¢;, ¢;, 7., and §, as follows:

qa :wa(qia C]'i,n'a, qa) (215)
Substituting Eq. (2.15) into (2.14), one gets
oL
Ty = —— = —H7(qi, qi, Da> TTa) (2.16)
0Ga | _ ) B
Ga=Wa(qiqGisTasGa)

We can obtain a similar expression for the momenta p,,:

Pe = —HL (G, 41\ Pa 7o) 2.17)
where
Pa = aaqL - %(aa;) (2.18a)
L d (9L
Pa= g~ %(aq) (2.18b)
Egs. (2.16) and (2.17) become
H[ (i, 4i» pi> i) = 7q + H} =0, (2.192)
a=1,...,R
HP(qis G, pi i) = po + HY =0, (2.19b)

which are called primary constraints (Dirac, 1950, 1964). These relations indicate
that the generalized momenta p,, and m,, are not independent of p, and 7,, which
is a natural result of the singular nature of the Lagrangian. The Hamiltonian H) is
then defined as
Hy = paga + q.otpalpﬂ:—Hé’ + T Wq + qana|pﬁ:—H/§’
_L(CI[’q'i’qmq.a:wa), ﬂzl""vRv a=R+1""7N' (2'20)
Defining the momentum Py as

Py = — 2.21
0= (2.21)
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one can write the corresponding set of HIPDEs as (Pimentel and Teixeira, 1996)

/ , S 3
Hy= Po+ Ho|1,qo: §u:4as Gai Pa = 73 Ta = - | =0 (2.22a)
aqa aqa
S s
H;p = Pa + HD{) t, qa, Cia, as qa?l’a =3 Ta= . =0 (222b)
944 0qGa
/T b3 . 3 BS aS
H] = pa+ H] 1, 0> Gu>Ga> Gas Pa = 73 Ta = 7— | =0 (2.22¢)
G, 0G4

The equations of motion are written as total differential equations in many
variables as follows (Pimentel and Teixeira, 1996):

oH/ oH'P oOH'™
dq, = —2dt + —*dq, + —2-dq, (2.23a)
Pa pq Pa
oH! oH'P OH'™
dj, = —2dt + —*-dqg, + —*dd, (2.23b)
a7, o, o,
8[_1/ aH/P aH/r[
dp; = ——2dt — —*-dq, — —*-dq, (2.23¢)
9q; 9q; 0g;
oH/ oH’P oOH'™
dm; = ——L2dt — —%-dq, — —%dq, (2.23d)
g 04 aq;

We note from Eqgs. (2.23) that the existence of constraints reduce the number of
the equations of motion.

Here g9 = t. Then set of Egs. (2.23) is integrable (Pimentel and Teixeira,
1996; Muslih and Guler, 1998), if and only if

dHy =0 (2.24a)
aHf =0 (2.24b)
dHT =0 (2.24c)

or if it leads to new secondary constraints (Dirac, 1950, 1964). In other words,
if conditions (2.24) are not satisfied identically, one may consider them as new
constraints and then test for the consistency conditions; repeating this procedure,
one may then be obtain a set of constraints.

Egs. (2.23) can be solved to obtain the coordinates ¢,, ¢, and the momenta
pi, 7; as functions of ¢, ¢+, and ¢ (Muslih, 2002). The canonical formulation
leads to the set of canonical phase space coordinates as follows:

0 = qa(ts qus Ga);
q‘a = qa(ts qa, C]a);
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pi = pa(t,qo,q4a); a=R+1,...,N
=7, 90, 4s). @a=1,..., R (2.25)

3. DETERMINING THE HAMILTON-JACOBI FUNCTION
FOR SECOND-ORDER LAGRANGIANS

3.1. Unconstrained Systems

Under certain conditions it is possible to separate the variables in the
Hamilton—Jacobi equations, and the solution can then always be reduced to quadra-
tures (Goldstein, 1980; Arnold, 1989; Brack and Bhaduri, 1997). In practice, the
Hamilton—Jacobi technique becomes a useful computational tool only when such
a separation can be effected. In general, coordinates ¢; and ¢; are said to be sep-
arable in the Hamilton—Jacobi equations when Hamilton’s principal function can
be split into three additive parts: one that depends only on the coordinates ¢;; a
second that depends on the coordinates ¢;; and a third that is entirely indepen-
dent of the coordinates ¢; and ¢;. In the cases to which we apply the method of
separation of variables, the Hamiltonian will be take to be time independent for
mathematical convenience. If we then restrict our work to such Hamiltonians, the
Hamilton—Jacobi equation for second-order unconstrained systems will be

98(qi, qGi, 1)
ot

. 0S 0S )
+ Holgi.gi,pi=—.mi=—)=0, i=1,....,N (@G.1)
aq; 9qi

We shall first try to find a solution that can be written in a separable form:
S(gi» i, 1) = W(gi) + W@ + f() (3.2)

Substituting this in Eq. (3.1), we get

df oW oW’
—=-Holqgi,.Gi, pi = —, i, = 3.3
dt 0<q 4P aq; " 9G; ) G-

The left-hand side depends only on #; whereas the right-hand side depends
only on the coordinates ¢; and ¢,. Therefore, each side must be equal to a constant
independent of ¢, ¢;, and ¢. Let this constant be —E’. We then have

N
fO)=-Et=-Y E}t
i=1

where E’ = YN | E/. The Hamilton—Jacobi function becomes

S(i, qi-t) =W(qi, E)+ W'(qi, E, E") — E't, (3.4)
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together with

9q; 9qi
This shows that for time-independent Hamiltonians we can always separate out
the time. We can proceed further by the method of separation of variables only if
Eq. (3.5) is similarly separable in ¢; and ¢;; that is, if a solution can be written in
the form

oW oW’ ,
HO(Qi:qi’ pi=——; W= ) =E (3.5)

W = Wi, E) + W/(gi, E, E])], i=1,...,N (3.6)

Once we have found the Hamilton—Jacobi function S, the equations of motion
can be obtained by using the following canonical transformations (Goldstein, 1980;
Arnold, 1989):

a8
;= 3.7

m=3 El (3.72)
oS

A= — 3.7b
o, (3.7b)
aS

pi = (3.8a)
9g;
aS

= — (3.8b)
04,

where 7n; and A; are constants and can be determined from the initial conditions.
One can solve Egs. (3.7) and (3.8) to get

gi = qi(ni, Ei, E{, 1) (3.92)
qi = qiChi, mi, Eiy E[L 1) (3.9b)
pi = pi(hi, mi, Eis Ef, ) (3.9¢)
m; = mi(ni, Ei, E}, 1) (3.9d)

3.2. Constrained Systems with Second-Order Lagrangians

In this case, instead of considering the Hamilton—Jacobi equation (3.1), we
shall be dealing with a set of HIPDEs, Eqs. (2.22). If we have the same conditions
for separable coordinates and follow the same procedure just discussed, we can
extend this method to constrained systems. Moreover, because of the singular
nature of the dynamical Lagrangians, we should split (the ¢; and ¢; coordinates
of the system into those corresponding to independent momenta, ¢, and g,, and
others corresponding to dependent momenta, g, and ¢,). Thus, we can guess a
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general solution for Egs. (2.22) in the form

S(qas Gas Gas Gas 1) = f &) + Walqas Ed) + Wi(qas Eas E,)
+ fal@e) + folge) + A (3.11)

where f(t) = —E't; E' = Y\ "X E! .E! are the (N — R) constants of integration
and A is some other constant; g, and ¢, are treated as independent variables, just
as the time .

Here again the resulting equation for f(¢) has the solution f(t) = — Ziv;lR
Et, and the remaining functions W,(q4, Eo), W/ (G4, Ea, E), fu(ga).and f,(G)
are the time-independent Hamilton—Jacobi equations.

Once we have found the Hamilton—Jacobi function S, the equations of motion
can be obtained in the manner of regular systems, using the following canonical
transformation (Goldstein, 1980; Arnold, 1989):

08

n DE! (3.12a)
oS

Ay = (3.12b)
oE,
N

pi = (3.13a)
9g;
aS

= — (3.13b)
G

where 7, and A, are constants and can be determined from the initial conditions.
The number of n, is equal to the rank of the Hessian matrix, N — R; so is the
number of A,.

Egs. (3.12) and (3.13) can be solved to give

Ga =GaMa> Ea, E}y Gas 1) (3.14a)
da = qaas Nas Eas Ej Gu» 1) (3.14b)
pi = pias Na> Eas Es Gas 1) (3.15a)
7t = 7i(Nas Eas E}y oy 1) (3.15b)

From the initial conditions, one can then determine the constants 7, and A.

Two remarks are in order here. The first is that, if the Hamiltonian HZ does
not depend on p, and Hamiltonian A} does not depend on m,, the separation of
variables will be straightforward. The second is that, if H) depends on p, and
HJ depends on m,, also if Hy depends on g, or ¢, or both, the separation of
variables will not be achieved directly. In this case a suitable change of variables
that combine (g4, ¢«) Or (a4, §o) Or both should be introduced. One can then
redefine the Lagrangian in terms of the new variables and restart the problem.
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To this end, further insight into the physical significance of S(g;, ¢;, t) is
gained by an examination of its total time derivative

dS_aS,+8S,+aS,.+BS“+aS (3.16)
T R VR R T '
=pa(ia+pa(7a+naqa +7Tozth_HO=L (317)

Thus, Hamilton’s principal function differs from the time integral of the Lagrangian
only by a constant:

S = /L dt + constant. (3.18)

In actual calculations, however, one cannot find § in teerms of time directly from
this integral unless ¢;, ¢;, p;, and 7; are known as function of time.

4. ILLUSTRATIVE EXAMPLES

In this section, we discuss four examples: one for a regular Lagrangian, and
three for different types of singular Lagrangians. The idea is to demonstrate how
we can find solutions of HIPDEs for both constrained and unconstrained systems
with second-order Lagrangians.

4.1. Second-Order Regular Lagrangian

We start with the following regular Lagrangian:

1
L = 5(51'2 - g% 4.1

This describes the one-dimensional motion of a black box in which a harmonic
oscillator is hidden (a system of units is chosen such that the angular frequency of
oscillations is 1) (Olga, 1997).

The corresponding generalized momenta (2.4) and (2.5) are

oL daL wr
P=%G " aiag ~ 171 '
aL
g

The Hamiltonian Hy is calculated as

1 1
Hy = pg + -2 + —g? 4.4
0=pgtom+ g (4.4)
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The corresponding set of HIPDEs, Eq. (3.1), reads

3s . 8s 1/88\* 1
Hj=P+Hy=—+¢d—+ = — —¢*=0 4.5
0 o + o 3l‘+qaq+2(3q> +2q 4.5)
Substituting Eq. (3.4) into (4.5), we have
af oW 1 oW\ 1,
— 4+ §— + = G- =0 4.6
8t+q8q+2<8q>+2q (46)
Since H is time-independent, one can write f(¢) = —E’t. Eq. (4.6) can then be
written as
oW 1w\ 1
—E'+¢—+= —4*=0 4.7
+"aq+2<aq)+2q @

We note from Eq. (4.7) that W depends only on ¢ and W’ depends only on ¢. This
means that

oW
— =F (4.8)
dq
so that
W =qE
Substituting Eq. (4.8) into (4.7), we obtain
L/ow\* 1
—E' +gE + - —G*>=0 4.9
+4q +2(aq>+2q (4.9)
This equation leads to
Wi E.E) = [VIEFE -G+ Erdg (4.10)

With these results, the Hamilton—Jacobi function becomes

S:—E’t—i-qE—i—/\/ZE/—i—Ez—(61'+E)2dq+A 4.11)

The solutions for the generalized coordinates can be obtained from the
transformations (3.7):
as dqg
ok V2E'+EY—(§ +EV
as [E — (¢ + E)]

A=—=q+ dg (4.13)
oE V2E + E? — (¢ + E)?

4.12)
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These two equations can be solved, respectively, to give
G =+2E + E?sin(n+1)— E (4.14)
qg=,—EMm+1t)—+2E + E2cos(n +1) (4.15)

The other half of the equations of motion can be determined by using
Eqgs. (3.8), after substituting the result for ¢:

3
=2 _F (4.16)
dq
S :
== V2E' + E2—(G+ E2 =2E' + E2cos(n +1) (4.17)
q

One gets the same results using the Hamiltonian formalism.

4.2. Two Primary First-Class Constraints

We consider the following singular Lagrangian:

1
L= 5(5/%+q§)+51'3513 + 4393 + q24> (4.18)

The corresponding generalized momenta, (2.18), (2.13), and (2.14), are

P1 = —q1 (4.19a)
D2=qr— ]2 (4.19b)
ps=qs=—H] (4.19¢)
=G (4.19d)
Ty = §» (4.19)
3 =q3 = —HJ (4.19f)

Here the primary constraints are represented by Eqgs. (4.19c) and (4.19f) that can
be written as

HY =p3s—q3=0 (4.20a)
Hén =73 — 61'3 =0 (420b)

The Hamiltonian Hy is calculated as

1
Hy = pigi + (p2 — q2)42 + 3 (7} + 73) (4.21)
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The corresponding set of HIPDEs, Eqgs. (2.22), reads

, s aS  [aS
H0=P0+H0=—+611—+(]2(——q2)

ot 9q 9q>
1/8S\> 1/8S\?
(=) 42 (2 =0 (4.222)
2\ 941 2\ 949,
3S
Hé”=p3—q3=3—q3—q3=o (4.22b)
. s
Hj =ﬂ—qs=@—q3=0 (4.22¢)

However, the Poisson bracket of H;p and H is equal to zero; so is the Poisson
bracket of H;" and H{. This means that there are no secondary constraints and
the Poisson bracket of H;p and H3/” is equal to zero. These, then, are first-class
constraints (Dirac, 1950, 1964).

With Eq. (3.11), the Hamilton—Jacobi function S can be written as

S(q1, 92, 43, 41,42, G3, 1) = f({t) +Wilqi, E1) + Walqa, Er)
+Wi(q1, E1, EV) + W5(g2, Ez, EY) + f3(q3) + f3(g3) + A (4.23)

The coordinates g3 and ¢3 are treated as independent variables, just as the time ¢.
Since the Hamiltonian Hy is time independent, one can write

f@)=—(E| + Eyt
Substituting S into Eq. (4.22a), we have
oW, 1/aw]\’ AW, L aws\’
_E/ A - 1 _E/ . _ _ 2 =0
gyl ) e -e) <55
24)

We note that W depends only on ¢; and W, depends only on ¢,. We can then
write

aw
L E (4.25a)
9q1
so that
Wi = Eq
and
AW
2 =k (4.25b)
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so that
1,
W, = Exgy + e

Substituting Egs. (4.25) into (4.24), we have

1/aW\? 1 /oW \?
—E 4+ G,E + = L) —E) 4+ GrEy + = Z2) =0 (4.26
1+ 41 1+2(8q'1> >+ 4> 2+2<8q'2> ( )

Separation of variables in this equation yields

1 /oW!\?
—( l) +§1Ei —E; =0

2\ 94,
L (2 2+ jvEy — E, =0
2 a4 qa2L7 ) =

The solution of these equations can be determined as

Wmh&£o=/JMp4m&ml
W3(g2, Eo, E}) = f V2E5 —2G2E2dgy

Using Eq. (4.22b), one finds f3(q3) = %q%; and using Eq. (4.22c), one finds
fi(d3) = 343
With these results, the Hamilton—Jacobi function becomes

’ ’ 1 ’ . .
S=CE|—-ENt+qE1+qEr+ §q22+/,/2E1 —2G1E1dq
’ . . 1 2 1-2
+ ‘/2E2 —24,E, dg, + EQ3 + EC]3 + A 4.27)

The solutions for the generalized coordinates can be obtained from the trans-
formations (3.12):

35S dg

VR . LR (4.282)
OE] J2E —24,E;
35S dg

M= = 1+ / S (4.28b)
IE, V2E, —242E,
3s i \dg

M= =g — T (4.28¢)

JAE

V2E| —2¢,E,
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0S5 irddg
" _:qz_/ G2dq»

T 9E, V2E, — 24,E,

Solving these four equations, one gets

. E{ E 2
_— [
g1 = E, > (m +1)
. Eé E, 2
—_— = t
g = E, 2 (m+1)

=2 +Ei( +1) El( +1)?
q1 = M E, m 6 m

Eé E, 3
@ =+ =—n+t)— —0p+1)
E, 6

1087

(4.28d)

(4.292)

(4.29b)

(4.29¢)

(4.29d)

The other half of the equations of motion can be determined by using

Egs. (3.13), after substituting the results for ¢ and ¢,:

(4.30a)

(4.30¢)

aS
p = — = E
1 aC[l 1
a5 E! E
pr=——=FEy4+qr=Ey+r+ 2 +1) — —m+1)° (430b)
8612 Ez 6
a5
P3= =93
0q3

0S
= —— = /2E{ —2¢1E, = —E(n + 1)
941
0S | ]
My = — = /2E) — 2G,E> = —Ex(n2 + 1)
TP
qs3

as
]'['3 = — =
g3

(4.30d)

(4.30e)

(4.30f)

where g3 and §3 are arbitrary parameters. One can show that these results are in
exact agreement with those obtained using the canonical approach, Egs. (2.23), as

well as the Dirac approach.

4.3. Second-Class Constraints

We now consider the following singular Lagrangian:

1
(G7 + 43) + d3d3 — 561%

L =

N =

431



1088 Rabei et al.

The corresponding generalized momenta read

P = —q1 (4.32a)
D2 = =2 (4.32b)
ps=—q43=—H (4.320c)
=g (4.32d)
T =§» (4.32¢)
w3 = g3 = —HJ" (4.32f)

The primary constraints are represented by Eqs. (4.32¢) and (4.32f) that can be
written as

HY =ps+4;=0 (4.33a)
H" =73 —¢3=0 (4.33b)
The Hamiltonian Hy is calculated as
_ . . l 2 2\ l )
Hy = p1g1 + p2g2 + 2(7T1 + 73) 593 (4.34)
The corresponding set of HIPDEs, (2.22), reads

a5 05 A
H) = Po+Hy= — +¢1— + Ga—
0 o + Ho ot +C]18q1+6128q2

1S\ 1/088S\> 1,
(= (=) —=¢2=0 435
+2<8q'1> +2<361'2> 2% @35
1 p 0S8
H'=ps+H =—+¢43=0 (4.35b)
g3
i . 08
H,; = 713 + HY = Q0 — (43 = 0 (4350)
; 943

However, the Poisson bracket of Hép and H(; is equal to zero, and the Poisson
bracket of H5" and H|} is not identically zero; it gives a new (secondary) constraint
(Dirac, 1950, 1964):

H{™ =¢43=0 (4.36)
There are no further constraints. Following the Dirac classification (Dirac, 1950,
1964), the constraints are of second-class.

Taking Eq. (4.36) into account, one can rewrite the primary constraint and
the Hamiltonian, Egs. (4.33) and (4.34), as

H =p3=0

Hén=7T3=0
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1
Hy = pig1 + p2g>» + 5(;,12_,_]122)

Then the corresponding set of HIPDEs reads

o= Por o= 2 4 25 28 LAY LBV g (4370
0T T = S T g T g, T 2\0g) T 2\agy) T

p p_ 98

HP = ps+H = —— =0 (4.37b)
. g3
0S

HF =my+ H = — =0 (4.37¢)
: 943

The Hamilton—Jacobi function S can be determined by
S(q1, 92. 43, 41, G2, G3, 1) = (&) + Wilqr, E1) + Walga, E2) + W{(G1, Eq, E})
+ W3 (G2, E2, EY) + f3(q3) + f5(¢3) + A (4.38)

The coordinates g3 and ¢3 are treated as independent variables, just as the time ¢.
Since the Hamiltonian Hy is time independent, one can write

f@)=—(E| + Ept
Substituting Eqgs. (4.38) into (4.37a), one can obtain
aWy 1 (aW]\? Wy 1 [aW)\*
—E+dg—+==—) —Ej+dr—+-(=—=2) =0 (439
1+C]13‘I1+2<3fil> 2+q23fZ2+2(342 @39

From Eq. (4.39) we note that W; depends only on ¢; and W, depends only on ¢5.
We can then write

oW,

=E, (4.40a)
g1
so that
Wi = Eq
and
oW,
—=E, (4.40b)
992
so that
Wy = Exqo

Substituting Eqs. (4.40) into (4.39), we have

1 /oW!\? 1 /oaWl\?
—E;+41E1+5<aql'> —E;+43E3+§<aq;> -0 (4.41)
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Separation of variables in this equation leads to

1 /oW
—< 1) +GiE, —E} =0

2\ 941

IR

- i2Ey — E, =0
(3 e

The solution of these two equations can be determined as

Wi Er, E]) = /\/2151 241 Er ddy
Wida, E. E}) = f 2B, — 2 Exipdin

Rabei et al.

Using Eq. (4.37b), one finds f3(¢3) =constant; and using Eq. (4.37c), one finds

£3(g3) = constant.
With these result, the Hamilton—Jacobi function becomes

S =(-E} - E)t+qiE, +Q2E2+/\/2Ei —2¢1E1dq,

+/,/2E; —2G,E>dgs + A.

(4.42)

The solution for the generalized coordinates can be obtained from the

transformations (3.12):

N dg
e
IE; V2E| —24,E,
aS dqg
aEz 2E£—2q2E2
98 qi1dq
M=—=q0— | F/——7—=
aEl 2E1 —2qlE1
N f G2dq>
M=—=@— | 55—
0E, 2E; —2¢-E,

These equations can be solved, respectively, to give

AL G AP

qi1 = E, ) m

. Eé E2 2
== - = t

42 E, 2 (2 +1)

(4.43a)

(4.43b)

(4.43¢c)

(4.43d)

(4.442)

(4.44b)
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E| E 3
q1 =M + E—(Th +1)— ?(771 +1) (4.44¢)
i

Eé E, 3
q2 =)»2+E—2(772+l)— ?(’724-0 (4.44d)

The other half of the equation of motion can be determined by using
Egs. (3.13), after substituting the results for ¢; and g3 :

2S5

pr=—=E (4.45a)
q1
08

pr= — = E, (4.45b)
92
08

p3= 2 =0 (4.45¢)
9q3

0S8
T =@=,/2Ei—2q'1E1 =—Ei(m+1) (4.45d)
1
S
T = — = 2E2 —2G2E, = —Ex(m + 1) (4.45¢)
942
0

aS
71,’3 = =

— (4.45¢%)
943

These results are in exact agreement with those obtained using the canonical
approach, Eqs. (2.23), as well as the Dirac approach.

4.4. First and Second-Class Constraints

The final example has been constructed so as to contain first as well as second-
class constraints:

1 1 1
L =31+ = (a1 +d3) + 543 +dsds (4.46)

The corresponding generalized momenta read

PL=—q1 —{ (4.47a)
P2 = —42—4> (4.47b)
p3=0=—H! (4.47¢)
T ={ (4.47d)
= §> (4.47e)

w3 =¢q3=—HJ (4.471)
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Egs. (4.47¢c) and (4.47f) represent primary constraints that can be written as

HY =p3=0 (4.48a)
HY =m3—¢3=0 (4.48b)

The Hamiltonian Hj is calculated as
Ho = pd+ pado+ 5 () +73) + 5(6+dD) — 5ad (449)

The corresponding set of HIPDEs, (2.22), reads

) as . as . aSs 1/93S\’
HO:PO+HO:_t+q]7+q2—+E o

0 9q1 992 941
1/as\> 1, 1, 1,
- — —G>+ =2 —=¢?=0 4.50d
+2(8q'2) +2¢]1+2‘12 2% ( )
as
HY =py=—=0 (4.50e)
g3
3
H =1 —g3=——¢3=0 (4.50f)
; 943

However, the Poisson bracket of H3/p and H| is not identically zero; it gives
a new (secondary) constraint (Dirac, 1950, 1964):

H” =g3=0 4.51)

There are no further constraints. Following the Dirac classification (Dirac, 1950,
1964), the constraints are first and second class.

Taking Eq. (4.51) into account, one can rewrite the Hamiltonian and the
primary constraints, Egs. (4.49) and (4.48), as

1 1
Hy = pig1 + p2ga + 5(”‘2 +73) + 5(q'% +43) (4.52a)
HY =p;=0 (4.52b)
Hf =7 —¢3=0 (4.52¢)
Then the corresponding set of HIPDEs, (2.25), reads
aS 3 s 1/0S\°
H =P+ Hy= — +¢— +dr— + — | —
0 o + Ho Py +q18q1+q28qz+2<8q'1)
1/as\* 1, 1,
—| = —q —g5 =0 4.53
+2<8q'2) +25]1+ZCI2 ( a)
A
HYP = py =~ =0 (4.53b)
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Hf =m—d43=——¢3=0 (4.53c)
943
The Hamilton—Jacobi function S can be determined by
S(‘]l, q2, 43, 41, 5]2, 5]'3, t) = f(t) + Wl(Qh El) + W2(‘]2, EZ) + W{(Ql, El, Ei)
+Wi(G2. E2, E)) + f3(q3) + f3(¢3) + A (4.54)

The coordinates g3 and ¢3 are treated as independent variables, just as the time ¢.
Since the Hamiltonian Hy is time independent, one can write

f@6)=—(E} + Ept
Eq. (4.53a) can now be written as

oWy 1AW\t 1, W,
—E’+6h—+—( — ) +591—Ey+ga——
g 2\8g ) 27 7 T ag

1owp\> 1,
Z —g2=0 4.55
"2 ( 942 ) Tah (5
From Eq. (4.55) we note that W, depends only on ¢g; and W, depends only on ¢>.
we can then write

Iw
R (4.56a)
g1
so that
Wi = Eiqy
and
IW:
2 _ g (4.56b)
g2
so that
Wy = Exqo

Substituting Egs. (4.56), into (4.55), we have
Bl g+ L (W 2+1'2 E)+GoE
1 T q1E1 2\ og, 2‘11 2 T q2L2
Low;\° 1,
- —g2=0 4.57
+1(50) 17 @
Separation of variables in this equation yields

1Low]\* 1,
= ~@+q1E1—E; =0
2(3(il> +ZQ1+Q1 1 1
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) Z0 N
= —G2 4 G2E1 — E; =0
2(86}2) +2612+612 2 2

The solution of these two equations can be determined as

Wi EnED = [ B[+ B - @+ B,

Wy(Ga, Ea, E}) = /\/QEé + (E2)* — (G2 + E2)*dqg»

Rabei et al.

Using Eq. (4.53b), one finds f3(q3) = constant; and using Eq. (4.53c), one finds

fi(g3) = 343.
With these results, the Hamilton—Jacobi function S becomes

S(q1, 92, 43, 41, G2, 43) = (—E} — E))t + 1 E1 + g2 E»

+/\/2Ei + (E1)? — (¢1 + E1)*ddg,

+ 28+ (2 — 2+ 22 e

1,

(4.58)

The solution for the generalized coordinates can be obtained from the

transformations (3.12):

S dg
n = - = —t =+ - > - 5
0E, V2E| 4+ (E1)? — (41 + Ey)
0S dg
n = 7= _[+/ 7 ;12 - 5
IE, V2E, 4+ (E2)? — (42 + E»)
aS [E1 — (g1 + E]dg,
M=—=q+ z -
0E, V2E| + (E\)? — (41 + E1)?
N [Er — (G2 + E2)]dg»
M=r—=q@+ - — 5
0E, V2ES 4+ (E2)? — (42 + E»)

These four equations can be solved, respectively, to give

g1 = J2E{ + (E\)?sin(n; + 1) — E;
Go = /2E) + (Ey)*sin(ny + 1) — E»
g1 = A — Ei(n + 1) — \J2E] 4 (E1)? cos(n + 1)

(4.5%9a)

(4.59b)

(4.59¢)

(4.59d)

(4.60a)
(4.60b)

(4.60c)
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Gr = ko — Ex(ma + 1) — /2E) + (E2)* cos(nz + 1) (4.60d)

The other half of the equations of motion can be determined by using Egs. (3.13),
after substituting the results for ¢ and ¢3:

aS
pr=—=Ek (4.61a)
3(]1
0S8
pr=-——=E, (4.61b)
3(]2
0S8
p3=—=0 (4.61¢)
9g3
A
T = o =\ B = G B2
— 2B, + (E1)? cos(n +1) 4.61d)
aS
T = g =2+ (B — a4 B
= J2E} + (E2)* cos(n + 1) 4.61e)
A
3= —— ={3 (4.611)
9g3

These results are in exact agreement with those that can be obtained using the
canonical approach, Egs. (2.23), as well as the Dirac approach.

5. CONCLUSION

In this work, a general method for determining the Hamilton—Jacobi function
of unconstrained and constrained systems with second-order Lagrangians has been
proposed and extended to different kinds of constraints.

We have shown that the Hamilton—Jacobi function S in configuration space
can be determined with the proviso that the set of HIPDEs is integrable. The
equations of motion can then be readily found using S. These solutions are obtained
in terms of the time and the spatial coordinates that correspond to dependent
momenta; these are treated as independent variables, just as the time ¢.

To test our proposed method and to get a somewhat deeper understanding,
we have examined one example of discrete regular systems and three examples
of different kinds of discrete singular systems. In the first example the results
are found to be in exact agreement with the Hamiltonian formalism of regular
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second-order Lagrangians; while in the examples of singular systems the results
are in exact agreement with the canonical approach as well as the Dirac approach.
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